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In  this  study,  we  present  the  results  of  first  principles  calculations  of  elastic  constants  and  structural
properties  of  the  Mg2La  cubic  Laves  phase  (C15)  up  to  ≈150  GPa  pressure  together  with vibrational  prop-
erties  at  equilibrium  geometry.  projector  augmented  wave  (PAW)  potentials  are  used with  generalized
gradient  approximation  (GGA)  scheme  of  the  density  functional  theory.  The  linear  response  technique  of
the  density  functional  perturbation  theory  is applied  in investigation  of  the  phonon  dispersion  spectra.
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The  static  equation  of  states of  the system  has  been  studied  with  Vinet  formulation.  The  values  of  applied
pressure  have  also  been  obtained  from  the  Vinet  formulation  of  equation  of states.  The  cubic  phase  of
the system  remains  stable  within  the studied  pressure  range.  The  elastic  anisotropy  ratio  indicates  an
electronic  topological  transition  (ETT)  around  ≈100  GPa.  This  situation  is  also  confirmed  by electronic
band  structures.

© 2011 Elsevier B.V. All rights reserved.
. Introduction

Magnesium based pseudo-binary alloy systems with a general
ormula Mg2(RE) (RE: rare-earth element) have been taking place at
he center of several theoretical [1,2] and experimental [3] studies
ue to the interesting electronic and mechanical properties. Mag-
esium alloys are exceedingly important with applications in the
utomobile and aircraft industry [1].  The utilization of magnesium
lloys in automobile industry has a growing trend indicating 15%
nnual increase over the last decade [4,5]. These compounds can
e stabilized in hexagonal C14 (MgZn2 type) and C36 (MgNi2 type),
nd cubic C15 (MgCu2 type) structures according to the relation
etween the atomic radii of the constituent elements [6].  The only
tructural difference between cubic MgCu2 and hexagonal MgZn2
s the particular stacking of same four-layer structural units [7].
he close structural relationship between these types of phases has
een first emphasized by Laves and Mitte [8],  so these crystal struc-
ures are called “Laves phases”. In a previous experimental study
9], it has been reported that (RE)Mg2 compounds are able to form
aves phases.

The electronic structure of various Laves phases have been
iscussed and summarized in a recent review article [10]. The ther-

odynamic properties of several Mg–La binary alloy systems have

een reported in a very recent comprehensive study using DFT
cheme with GGA functionals [11]. There is a substantial progress in

∗ Corresponding author. Tel.: +90 370 433 8374; fax: +90 370 433 8334.
E-mail address: ggokoglu@gmail.com (G. Gökoğlu).

925-8388/$ – see front matter ©  2011 Elsevier B.V. All rights reserved.
oi:10.1016/j.jallcom.2011.12.131
the high-temperature forming of Mg  vehicle closure components
[12]. This progress also leads to the implementation of Mg  sheet
alloys in vehicles. In another study, the solid-solution strengthen-
ing of magnesium has been studied from first principles [13]. In that
work, the solubilities of several metals in magnesium have been
computed using size and chemical misfits. The rare-earth addi-
tion to magnesium based Laves structures improves considerably
the mechanical strength of the material [14] which is important
particularly for technological applications. It was reported that
the alloying abilities of MgLa, Mg2La, and Mg3La should be much
stronger than the other known Mg–La systems such as Mg17La2
and Mg12La [15]. The recent works focus particularly on the for-
mation enthalpies, zero pressure electronic and elastic properties
[15–18] as well as high temperature thermodynamic properties
of these systems [11]. In the work of Wróbel et al. [11], the
phonon dispersion spectra have been computed for several Mg–La
binary systems. However, the studies on mechanical properties and
pressure-dependent elastic stiffness of these compounds are very
rare. Naturally, the technological applications mentioned above
involve the mechanical resistance of the material against pressure.
The vibrational properties of C15 Laves structure of Mg2La system
have also been studied in the present study, since the microscopic
mechanisms of elastic behavior is directly governed by the phonon
properties. Therefore, the major aim of the present study is to clarify
the pressure dependent elastic properties and vibrational dynam-

ics of Mg2La Laves phase using an accurate all-electron method,
projector augmented wave, within density functional theory.

The rest of the paper is organized as follows: the details of cal-
culations performed are presented in Section 2. We  present the

dx.doi.org/10.1016/j.jallcom.2011.12.131
http://www.sciencedirect.com/science/journal/09258388
http://www.elsevier.com/locate/jallcom
mailto:ggokoglu@gmail.com
dx.doi.org/10.1016/j.jallcom.2011.12.131
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esults of the first-principles calculations of elastic constants at var-
ous pressures and phonon dispersion spectra in Section 3. Finally,

 conclusion is presented in Section 4.

. Computational method

The Mg2La compound crystallizes in the face-centered cubic C15
aves phase which conforms to Fd3m space group (#227) contain-
ng 6 atoms per primitive cell. La atoms are located on the site
f diamond structure (8a positions), while Mg  atoms occupy 16d
ositions. All the calculations presented in this study have been
erformed using the PWscf code, distributed with the Quantum
SPRESSO package [19,20].

Generalized gradient approximation of the density functional
heory is used to approximate exchange-correlation potential
ith Perdew–Burke–Ernzerhof parametrization [21]. The ions are
escribed using projector augmented waves (PAW) potentials.
AW is an all-electron method which generalizes the pseudopo-
ential method and linear augmented plane wave (LAPW) method
y taking into account the core electrons. In that sense, it presents
n advantage over the usual pseudopotential method. We  have pro-
uced the PAW potentials of Mg  and La atoms using the ATOMPAW
ode developed by Holzwarth et al. [22]. In the generation of the
anthanum PAW data, a scalar relativistic scheme is followed. The
on-linear core correction is applied to compensate the overlap of
he core and valence charge densities giving an improved trans-
erability. In order to generate smooth pseudo partial-waves, we
se an eight-degree polynomial for lanthanum and RRKJ scheme
23] for magnesium as implemented in ATOMPAW code. The Van-
erbilt procedure [24] is used as an orthogonalization scheme for
rojectors and partial-waves. The analytical form of the shape func-
ion is governed by the spherical Bessel functions [25]. Both of the
AW potentials produced by ourselves are now available at the
seudopotential database of the PWscf code [19]. The detailed con-
ergence tests for these pseudopotentials are also included in the
ame database. As a preliminary remark, our PAW potentials con-
erge to better than 0.1 meV  per atom at a 70 Ry kinetic energy
ut-off and 14 × 14 × 14 k-point mesh in their respective crystal
orms. We  have computed the structural parameters of elemental
olids of lanthanum and magnesium in order to prove the reliabil-
ty of generated potentials. The calculated lattice parameters using
hese potentials are: a = 3.76 Å, c/a = 3.220 for alpha phase (hcp) of
anthanum and a = 3.20 Å, c/a = 1.623 for hcp structure of magne-
ium. These values are in great agreement with PBE and PBEsol
alculations of Ref. [11].

In calculations on Laves structure, Brillouin zone integration
s performed with automatically generated 14 × 14 × 14 k-point

esh, following the convention of Monkhorst and Pack [26],
ielding 104 k-points centered at �-point. Wave-functions are
xpanded in plane wave basis sets up to a kinetic energy cut-
ff value of 70 Ry. This produces approximately ≈11300 plane
aves. The convergence criteria for total energy is 1×10−8 Ry in

elf-consistent calculations. Marzari–Vanderbilt type smearing is
pplied on fermionic occupation function with � = 0.02 Ry smearing
arameter [27].

The three independent elastic stiffness coefficients of the cubic
rystal under study, C11, C12, and C44 are calculated using volume
onserving (isochoric) strains. The use of isochoric strains elimi-
ates the first order terms in energy due to the initial hydrostatic
ressure. This procedure gives accurate results, since the energy of
he crystal depends more strongly on volume than distortions [28].
he shear elastic constant Cs is calculated via tetragonal distortion,

hile a monoclinic distortion is used to calculate C44. Under these
istortions, the strain energies can be expressed as

(ı) = E(0) + 6CsVı2 + O(ı3), (1)
nd Compounds 520 (2012) 93– 97

E(ı) = E(0) + 2C44Vı2 + O(ı4) (2)

for tetragonal (1) and monoclinic (2) distortions, respectively [29].
E(0) is the unstrained ground state energy of the system and V is its
volume. C44 and Cs are obtained from the quadratic coefficients of
Eqs. (1) and (2).  Other elastic constants (C11 and C12) are calculated
using Cs and bulk modulus B. The details of the elastic constant
calculation method have been explained in detail in Refs. [30,31].
The hydrostatic pressure applied on the system has been realized
by changing the lattice constant. The pressure value corresponding
to a definite lattice constant is determined from pressure–volume
curve of Vinet equation of states [32].

The full phonon dispersion spectra along the main symme-
try directions in irreducible Brillouin zone are constructed by
using DFPT in the linear response approach [33–35],  in which sec-
ond order derivatives of the total energy are calculated to obtain
dynamical matrix. DFPT allows us to examine vibrational proper-
ties of materials at a high accuracy level. Energy threshold value for
convergence is 1 × 10−16 Ry in phonon calculations. The dynamical
matrices are produced in a k-point grid of 6 × 6 × 6 in irreducible
wedge of the Brillouin zone. Then the full phonon dispersion spec-
tra can be calculated from interatomic force constants by Fourier
transform of dynamical matrices.

3. Results and discussion

The formation of cubic C15 or hexagonal C14 Laves structures
is realized according to the ratio of atomic radii of the constituent
elements. For the X2A stoichiometry, the cubic phase is formed if
the following condition is satisfied;

dA

dX
>

√
3
2

where dA and dX are the atomic radii of A and X atoms, respectively
[6]. Otherwise, the hexagonal C14 phase is energetically favored.
The atomic radii of Mg  and La atoms are 1.50 Å and 1.95 Å [36],
respectively, indicating an energetically favored cubic phase. It can
be generalized that the formation of cubic phase is more proba-
ble for Mg2(RE) structures including a rare-earth element with less
than half-filled 4f electronic orbital [3].

The structural parameters of the system (e.g., lattice constant
and bulk modulus) have been studied by Vinet formulation [32]
of equation of states (EOS) using energy vs. volume E(V) variation
which is obtained by calculation of total energies at more than
30 different volumes between the range 0.8 and 1.2 V0, where
V0 is the equilibrium volume. The volume derivative of EOS for-
mula gives pressure–volume P(V) curve which is used to identify
volume value corresponding to a given pressure. The asymptotic
standard errors in EOS fit are less than 0.15% as an indication of the
accuracy of performed calculations. In Fig. 1, the static equation
of states of Mg2La structure is shown as energy-lattice constant (a)
and pressure–volume (b) variation. The calculated equilibrium vol-
ume  is 168.819 Å3 resulting 8.773 Å lattice constant. The calculated
zero pressure bulk modulus is 36.71 GPa. The lattice constant of this
C15 Laves phase was  determined experimentally as 8.774 Å [37].

The second order elastic constants of the system are calculated
using tetragonal and monoclinic distortions on face-centered cubic
Laves structure as explained in previous section. The system is
transformed into body-centered tetragonal structure under the iso-
choric tetragonal distortion, while a body-centered orthorhombic
cell is created under the monoclinic distortion. Although the forces

on the atoms are exactly zero in cubic phase, the ionic minimization
is needed in order to optimize distorted structures. The mini-
mization is performed using Broyden–Fletcher–Goldfarb–Shanno
(BFGS) algorithm [38], until the forces on the atoms are less than
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ig. 1. Static equation of states of Mg2La. (a) The total energies relative to equilibriu
ressure range. Both are due to Vinet formulation.

 × 10−4 Ry/a.u. Under this condition, the positions of the atoms
re converged to less than 0.003 Å. We  give the elastic constants
f Mg2La system at various pressures up to 150 GPa in Table 1.
he shear elastic constant Cs and Voigt’s shear modulus GV can
e expressed in terms of other elastic moduli as: Cs = (C11 − C12)/2
nd GV = (2Cs + 3C44)/5. The changes of elastic moduli as function of
ressure are also shown in Fig. 2. In a previous theoretical study
17], the zero pressure elastic constants of this system were cal-
ulated as 58.4 GPa, 24.9 GPa, and 21.8 GPa for C11, C12, and C44,
espectively. These are in great agreement with the values pre-
ented in this work. The mechanical stability criteria for cubic
rystals are: (C11 − C12) > 0; (C11 + 2C12) > 0; C11 > 0; C44 > 0, which
re well satisfied within the studied pressure range indicating the

tability of cubic phase.

The elastic anisotropy ratio is defined as A = C44/Cs. This ratio is
.490 at zero pressure and decreases to 0.982 at 100 GPa. As shown

able 1
ero temperature static elastic constants of cubic C15 Mg2La structure at various pressure

 is dimensionless.

Pressure V (Å 3) B Cs C11

−0.010 168.819 36.71 14.82 56.4
10.406 138.356 70.33 25.76 104.6
19.914 123.661 96.72 34.72 143.0
30.321 112.940 122.86 43.35 180.6
40.421 105.347 146.27 50.37 213.4
50.097 99.642 167.34 55.94 241.9
59.426 95.113 186.66 60.15 266.8
70.143 90.743 207.92 64.41 293.8
80.482 87.156 227.60 68.40 318.7
90.465 84.144 245.93 72.34 342.3
100.862 81.390 264.31 76.94 366.9
110.309 79.157 280.50 81.22 388.8
120.621 76.965 297.63 86.34 412.7
129.946 75.170 312.65 91.03 434.0
139.436 73.490 327.59 96.28 455.9
149.631 71.836 343.22 101.91 479.0
rgy as a function of lattice constant and (b) pressure–volume curve within studied

in the inset of Fig. 2, the A values reveal an interesting behavior
with a minimum point around ≈100 GPa pressure which corre-
sponds to the contraction of the lattice with a ratio of V/V0 = 0.48.
Since the cubic structure of the material remains stable within the
studied pressure range, this behavior evokes an electronic topo-
logical transition (ETT) (also known as Lifshitz singularity [39,40])
which causes an anomaly in resistivity and thermoelectric power
of the material, when the extremum of an energy band passes
through Fermi level [41]. In Fig. 3, we display the three selected
electronic bands which pass the Fermi level at �-point with increas-
ing pressure. Fermi level of the system shifts to higher energies with
increasing pressure as expected. But the shift of electronic bands
are much larger than that of Fermi level resulting in a net upward

movement of energy bands. Consequently, these bands become
unoccupied at the upside of Fermi level. This anomaly in electronic
structure can also be seen in pressure dependence of electronic

s. All elastic constants as well as pressure units are GPa. The elastic anisotropy ratio

C12 C44 G A

7 26.83 22.08 19.18 1.490
7 53.16 31.19 29.01 1.211
1 73.57 38.61 37.05 1.112
6 93.96 47.10 45.60 1.086
3 112.69 54.71 52.97 1.086
3 130.04 60.28 58.54 1.077
6 146.56 64.10 62.52 1.066
0 164.98 66.81 65.85 1.037
9 182.00 69.05 68.79 1.010
8 197.70 71.59 71.89 0.990
0 213.02 75.54 76.10 0.982
0 226.36 79.87 80.41 0.983
5 240.07 86.11 86.20 0.997
2 251.97 92.04 91.63 1.011
7 263.41 98.94 97.88 1.028
9 275.28 106.80 104.84 1.048



96 S. Ağduk, G. Gökoğlu / Journal of Alloys and Compounds 520 (2012) 93– 97

 0

 50

 100

 150

 200

 250

 300

 350

 400

 450

 0  20  40  60  80  100  120  140

E
la

st
ic

 C
on

st
an

ts
 (

G
Pa

)

Pressure (GPa)

B0

Cs

C11

C12

C44

1.0

1.2

1.4

20 60 100 140

A
=

C 4
4/

C
s

P (GPa)

F
T

d
l
e
i

B
c
m
m
v
c
l
m
c
m

s

 0

 1

 2

 3

 4

 5

 6

-8 -6 -4 -2  0  2  4  6  8

D
en

si
ty

 o
f 

St
at

es
 (

st
at

es
/e

V
)

E-εF (eV)

60 GPa
70 GPa
80 GPa
90 GPa

100 GPa
110 GPa

Fig. 4. Total electronic density of states of Mg2La Laves phase between 60 and
110 GPa pressures.

 0

 2

 4

 6

 8

Γ K X Γ L X W L

Fr
eq

ue
nc

y 
(T

H
z)

 VDOS
ig. 2. Static elastic constants of C15 Mg2La Laves phase as a function of pressure.
he elastic anisotropy ratio is shown in the inset.

ensity of states as given in Fig. 4. The two strong peaks which
ocate between 0 and 2 eV energy states are diminished due to the
ffects of pressure on electronic bands. This situation shows the
mportance of Fermi surface structure on elastic properties [29].

The ductility of a material can be determined according to its
/G ratio. According to Pugh [42], the plastic properties of metals
an be linked empirically by their elastic behavior by B/G ratio. The
aterials having a B/G ratio greater than 1.75 are ductile, while
aterials having a B/G ratio less than 1.75 are brittle [2,17].  In pre-

ious studies, the ductile versus brittle transition in intermetallic
ompounds has been shown in view of the first principles calcu-
ations [43,44]. This ratio is 1.91 at zero pressure and increases

onotonically with pressure as an indication of high ductility of
ubic Mg2La Laves phase. It can be stated that the material becomes

ore ductile under compression.
In Fig. 5, we display the zero pressure full phonon disper-

ion spectra of Mg2La along the main symmetry directions in

Fig. 5. The zero pressure ab initio phonon dispersion curves of C15 Mg2La Laves
phase together with total vibrational density of states.
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rreducible wedge of Brillouin zone. The symmetries of phonon
odes at �-point are also shown in this figure. The overall spectra

re in agreement with the recently reported first principles calcula-
ions of Wróbel et al. [11]. The vibrational spectra are composed of

 acoustical and 15 optical modes resulting from 6 atoms per prim-
tive cell. The transverse modes along �–X and �–L directions are
oubly degenerate due to symmetry of the crystal, while the modes
long �–K direction are non-degenerate. The large vibrational gap
etween ≈2.1 THz and ≈3.8 THz separates the acoustical and opti-
al modes and is due to large atomic mass difference of magnesium
nd lanthanum atoms.

The expected IR and Raman peaks can be calculated from Group
heory using crystal space symmetry and occupied Wyckoff crys-
allographic positions. There are seven irreducible presentation at
one center (�-point). The irreducible presentations correspond-
ng to 15 optical modes are 3T2g + 3T1u + 3T2u + 2Eu + 3T1u + 1A2u.
1u modes are IR active, while the modes with T2g symmetry have
aman active vibrations. The two Eu and one A2u modes are silent.
lthough the electronic structure of Mg2La is strongly metallic with
igh density of states at Fermi level, the large splitting of transverse
nd longitudinal optical modes at �-point is an indication of partial
onicity of crystal bonding mechanism.

. Conclusion

In this study, we present the ab initio density functional calcu-
ations results of elastic and vibrational properties of Mg2La cubic
aves structure. The elastic properties have been studied up to
50 GPa pressure. The studied phase remains stable within this
ressure range. The system seems to show an electronic topolog-

cal transition around 100 GPa as revealed by elastic anisotropy
atio and electronic bands. The three selected electronic bands pass
hrough Fermi level with increasing pressure. This picture indicates
he sensitivity of elastic properties to Fermi surface structure. The

aterial becomes more ductile under compression. The phonon
pectra do not show any vibrational anomaly to verify the stability
f cubic phase.
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